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Abstract 

Gerbes are locally connected presheaves of groupoids on a small Groth- 
endieck site C. Gerbes are classified up to local weak equivalence by path 
components of a cocycle category taking values in the diagram Grp(C) 
of 2-groupoids consisting of all sheaves of groups, their isomorphisms and 
homotopies. If T is a full subpresheaf of Grp(C) then the set [*, BT] 
of morphisms in the homotopy category of simplicial presheaves classi- 
fies gerbes locally equivalent to objects of T up to weak equivalence. If 
St(7rJT) is the stack completion of the fundamental groupoid txT of J-, if 
L is a global section of St(7rJ r ), and if Fl is the homotopy fibre over L 
of the canonical map BT — > BSt^F), then [*, Fl] is in bijective cor- 
respondence with Giraud's non-abelian cohomology object H 2 (C,L) of 
equivalence classes of gerbes with band L. 

Introduction 

Suppose that M is a closed model category, and that X and Y are objects of 
M. A cocycle from X to Y is a picture 

X J- Z ^ Y 

of morphisms in M. such that / is a weak equivalence. A morphism of cocycles 
(/,(?) — ► (f',g') is a commutative diagram 




and these cocycles and their morphisms together form the category H(X,Y) of 
cocycles from X to Y. The assignment (/,<?) i— > gf^ 1 defines a function 

4>:tt H{X,Y)^[X,Y] 

from the path components of cocycle category H(X, Y) to the set of morphisms 
[X, Y] from X to Y in the homotopy category Ho(Ai). Then it is a basic result 
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of [5] that this function ^ is a bijection if the model category A4 is right proper 
and if its class of weak equivalences is closed under finite products. 

The right properness condition is a serious restriction, but right proper model 
structures are fairly common in nature, and include the standard model struc- 
tures for spaces, simplicial sets, and spectra, as well as more exotic structures 
such as simplicial presheaves, simplicial sheaves and presheaves of spectra on 
small Grothendieck sites. 

The cocycle approach to constructing morphisms in the homotopy category 
is proving to be very useful, particularly in connection with simplicial sheaves 
and presheaves. Applications have so far appeared in new, short and conceptual 
arguments for the homotopy classification of sheaf cohomology theories, both 
abelian and non-abelian [jj]. Cocycle categories are involved in the explicit 
construction of the stack completion functor which is given in 8 . They have 
been used to show jZj, in a variety of settings, that morphisms [*,BI] in the 
homotopy category can be identified with path components of a suitably defined 
category of 7-torsors for all small category objects I. 

The present paper uses cocycles in presheaves of 2-groupoids, here called 
2-cocycles, to give a homotopy classification of gerbes. 

A gerbe is typically defined in the literature |2 p. 129] to be a stack G which 
is locally path connected. Stacks themselves have no conceptual mystery: they 
are fibrant objects in model structures for sheaves of groupoids or more 
generally presheaves of groupoids 4 , and one now can identify a stack with 
the homotopy type that it represents in presheaves of groupoids. The model 
structure for presheaves (or sheaves) of groupoids, over any small Grothendieck 
site C, is easy to describe: a map / : G — > H of presheaves of groupoids is a local 
weak equivalence (respectively global fibration) if the induced map BG — ► BH 
of classifying objects is a local weak equivalence (respectively global fibration) 
of simplicial presheaves. Local path connectedness is an invariant of homotopy 
type in this sense, and we shall take the point of view that a gerbe is a presheaf 
of groupoids G such that the classifying simplicial presheaf BG is locally path 
connected. The local path connnectedness condition can be expressed this way: 
given objects x,y € Ob(G)(U) in a section G(U), there is a covering family 
4> ■ V — » U such that there is a morphism 4>*(x) —* 4>*{y) in G(V) for any cf> in 
the cover. 

Every gerbe G is locally equivalent to any of its sheaves of automorphism 
groups. The category H(*, Grp(C)) of 2-cocycles taking values in the diagram 
of all sheaves of groups, their isomorphisms and homotopies, is the vehicle by 
which we classify gerbes up to local weak equivalence. Theorem 1201 savs that 
the path components of this cocycle category are in one to one correspondence 
with the path components of the category Gerbe(C) of gerbes and their local 
weak equivalences, or that there is a bijection 

7r (Gerbe(C)) S tt H (*, Grp(C)). 

One has to interpret a statement like this correctly, because the categories in- 
volved are not small. The path component functor ttq means the class of equiv- 
alence classes of objects, where two objects are equivalent if and only if there is 
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a finite string of arrows connecting them in the ambient category, and we show 
that there are functions 

$ : 7r (Gerbe(C)) ±3 n H{*, Grp(C)) : # 

which are inverse to each other. Here, 4> is induced by a canonical cocycle con- 
struction which is introduced in Example 1121 and \& is defined by a generalized 
Grothendieck construction, which is the subject of much of Section 2. 

The 2-groupoid diagram Grp(C) has subobjects which are honest presheaves 
of 2-groupoids. Examples include the sheaf of 2-groupoids G, associated to a 
sheaf of groups of G on C: it has one object, the sheaf of 1-cells is the sheaf 
of automorphisms of G, and its sheaf of 2-cells is the sheaf of homotopies (or 
conjugations) of automorphisms. More generally, any presheaf of sheaves of 
groups in Grp(C) determines a full subobject T C Grp(C) which is a presheaf 
of 2-groupoids, and one can discuss the homotopy type of T and its classifying 
object BT in simplicial presheaves. It is shown in Theorem 1231 that there is a 
one to one correspondences 

ttqH (*, T) = 7ro(.F — Gerbe) 

between the set of path components of 2-cocycles taking values in the presheaf of 
2-groupoids T and path components of the category J 7 — Gerbe of gerbes locally 
equivalent to sheaves of groups appearing in T. By the result relating path com- 
ponents of cocycle categories to morphisms in the homotopy category displayed 
above, both of these objects are then in bijective correspondence with the set 
[*, BT\ of morphisms in the homotopy category of simplicial presheaves — this 
statement appears formally as Corollary|31 The bijection of path components 
in the statement of Theorem 1231 is a restriction of the bijection of Theorem 1201 

In the special case where T = G* for some sheaf of groups G, Theorem 1231 
says that gerbes locally equivalent to G are classified up to weak equivalence 
by morphisms [*, BG„] in the homotopy category of simplicial presheaves. This 
result was originally proved, in a very different form, by Breen p^. 

Finally, the presheaf of 2-groupoids has a fundamental groupoid ttT and a 
canonical morphism T — > ttJ 7 . In the case where T = G*, the fundamental 
groupoid 7rG* is the sheaf of outer automorphisms of G. The fundamental 
groupoid ■kT has a functorial stack completion irJ 7 — > St(7r.F), and St(7rjF) is 
the stack of bands (liens) for T . Suppose that the band L is a fixed choice of 
global section of St(7r^ r ), and consider the homotopy fibre Fl of the composite 

BT ^ BvT ^ 5St(7i\F). 

Theoreml27lfsee also Corollarv l28f) identifies the set of morphisms [*, BFl] in the 
homotopy category with path components in a suitably defined category of L- 
gerbes. In other words, Giraud's non-abelian invariant H 2 (C,L) is isomorphic 
to [*,BFl]. Once again, the real thrust of the proof is to identify the set 
of path components of the cocycle category H(*,Fl) with path components 
in L-gerbes, and then use the general result about cocycles to conclude that 
^,F L }^7r H(^F L ). 
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Theorem I2UI Theorem 12 31 and Theorm 1771 are the main results of this paper. 
The demonstration of these results appear in Sections 3 and 4, but depend on 
some generalities about groupoids enriched in simplicial sets and presheaves of 2- 
groupoids which appear in Section 1, as well as the discussion of the generalized 
Grothendieck construction of Section 2. 
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1 Simplicial groupoids 

There are various equivalent ways to define a groupoid enriched in simplicial sets. 
We shall initially take the point of view that such an object H is a simplicial 
groupoid such that the simplicial set Ob(H ) of objects is simplicially discrete, or 
just a set. The morphisms Mor(iJ) is a simplicial sets and the source, target s, t : 
Mor(JJ) — > Ob(-ff) and identity maps e : Ob(H) — > Mor(H) are all simplicial 
set maps. The notation H n will refer to the associated groupoid in simplicial 
degree n. 

For objects x,y of H the simplicial set of morphisms H(x,y) is defined by 
the pullback diagram 



H(x, y) ^ Mox{H) 

(s,t) 

■ Ob(H) x Ob(H) 



{x,y) 



where * = A defines the one-point (terminal) simplicial set. 

A 2-groupoid is a groupoid enriched in groupoids. Equivalently, a simplicial 
groupoid G is a groupoid enriched in simplicial sets such that the simplicial set 
Mor(G) is the nerve of a groupoid. 

We shall routinely write BH for both the bisimplicial classifying space n i— > 
BH n associated to H and its associated diagonal simplicial set dBH . The 
vertical simplicial presheaf BH n in horizontal degree n is the iterated fibre 
product 



Mor(iJ) x M Mor(TJ) x t 



-t,8 



Mor(F), 



4 



This simplicial set models composable strings of morphisms of length n, and is 
the inverse limit for a diagram 



Mor(ff) Mor(#) Mor(ff) 





Ob(H) Ob{H) 

involving n copies of the morphism object Mor(H). 

The vertices of BH are the objects of H, and two vertices of BH are in the 
same path component if and only if they are in the same path component of 
the space BH\ , or in the same path component of the groupoid Hi in simplicial 
degree 1. It is well known and easily seen that the degeneracy morphism H — ► 
H n induces a bijection ir a BH = n a BH n for all n > 0. It follows that there are 
natural isomorphisms 

tt BH = ttqBHi = Tr BH n (1) 

for all n > 0. We shall say that H is connected if BH is a path-connected 
simplicial set. More generally, tt^H will often be written to denote ttoBH, and 
will be called the set of path components of H. 

There is a simplicial groupoid H 1 whose objects in simplicial degree n are 
morphisms h : x — ► y of H n and whose morphisms h — > hi are the commutative 
squares 

h 




in H n . There is a simplicial groupoid functor (s, t) : H 1 — > H x H which is de- 
fined in degree n by sending the square diagram above to the pair of morphisms 

(x ^ x',y ^ y'). The two projections s,t : H 1 — > H are weak equivalences, 
because they are weak equivalences in each simplicial degree. 

Lemma 1. Suppose that H is a groupoid enriched in simplicial sets. Then the 
pullback diagram 

Mot(H) ^ BH 1 



Ob(JT) x Ob(JT) ^ BH x BH 

is homotopy cartesian. 

Proof. Suppose first that H is an ordinary groupoid. There is a functor horn : 
HxH — > Set defined by (x, y) ^> H(x, y) and which sends the pair of morphisms 
(a : x — > x', (3 : y — > y') to the function 

H(x,y)^H(x',y') 
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defined by sending / : x — ► y to the composite 

f^ 1 f , 

x ► x — > y — > y . 

Observe that there is an isomorphism 

holim HxH horn = B{H X ). 

Suppose now that H is a groupoid enriched in simplicial sets. Applying the 
construction of the previous paragraph in all simplicial degrees gives a simplicial 
functor horn : H x H — > sSet and an isomorphism 

holim HxH horn = B{H X ). 

There is a homotopy cartesian diagram 

X holim 



Ob(G) ^ BG 

for all simplicial set-valued diagrams X defined on groupoids G enriched in 
simplicial sets |7| Lemma 2], [T3|. and this specializes to give the homotopy 
cartesian diagram required by the statement of the Lemma. □ 

Lemma 2. // / : G — * H is a morphism of groupoids enriched in simplicial sets 
and if X : H — > sSet is a simplicial diagram defined on H , then the induced 
diagram 

holim qX ■ f s~ holim gX 



BG BH 

is homotopy cartesian. 

Proof. Suppose given a factorization 

holim H X — z 




BH 



of the canonical map holim h X — » BH such that j is a weak equivalence and p 
is a fibration. The squares in the picture 

X ■ f ^ X ^ holim H X 



Ob(G) ^ Oh{H) ^ BH 

G 



are homotopy cartesian, so that the induced map 

X ■ / »- Ob(G) x BH Z 



Ob(G) 

is a weak equivalence of objects over Ob(G). It follows that the induced map 
holim G X ■ f >-BG x BH Z 



BG 

induces a weak equivalence on all homotopy fibres. This map is also a homotopy 
colimit of a comparison of diagrams made up of the homotopy fibres of the 
respective maps, and is therefore a weak equivalence. □ 

Corollary 3. Suppose that H is a groupoid enriched in simplicial sets. Then 
the square 

H{x,y) *-B{H/y) 



BH 



is homotopy cartesian. 

Proof. In the diagram of pullback squares 

H(x,y) *- B(H/y) - 



BH 



BH x BH 



the square on the right is homotopy cartesian, on account of Lemma applied 
to the composite functor 

TT (1^) TT TT hom „ 

H > H x H ► sSet. 

Lemma Q implies that the composite square is homotopy cartesian, and the 
desired result follows. □ 

Let irH denote the groupoid of path components of a groupoid H enriched 
in simplicial sets. The object ttH will typically be called the path component 
groupoid of H. It has the same objects as H , and the set of morphisms from x 
to y is the set ttH(x, y) of path components of the simplicial set H(x, y). There 
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is a canonical map rj : H — ► 7r_ff which is the identity on objects and is the 
canonical map Mor(_ff) — > ttqMot(H) on morphisms. The morphism rj is one 
of the canonical maps for an adjunction: the functor H >— > ttH is left adjoint to 
the inclusion of groupoids in simplicial groupoids. 

Corollary 4. The induced map rj : BH — > BttH induces an isomorphism on 
path components and all fundamental groups, so that ttH is naturally weakly 
equivalent to the fundamental groupoid of BH. 

Proof. The morphisms H{x,x) — > nH(x,x) induce isomorphisms in path com- 
ponents, and so the map BH — > BttH induces isomorphisms in path compo- 
nents of all loop spaces, by Corollary It follows that all homomorphisms 
tti(BH,x) — > tti(BttH,x) are isomorphisms. The claim that ttqBH — > txqBixH 
is a bijection follows from (JTJ and the observation that the function -kqBHq — > 
ttqBttH is a bijection. □ 

Suppose now that C is a small Grothendieck site. 

If G is a presheaf of groupoids on C and a;, y are objects of G(U), there is a 
presheaf G(x,y) of homomorphisms from a; to y on C/C/. Write G x = G(x,x) 
for the presheaf of automorphisms of x in G, and let G^ denote the associated 
sheaf of automorphisms on C/U . 

Say that a presheaf of groupoids G is a Cech object if the canonical map 
G — » 7r G is a local weak equivalence, where 7r G = tt BG is the presheaf of 
path components of G. 

In particular, an ordinary groupoid H is a Cech groupoid if the groupoid 
moprhism _ff — > 7To-ff is a weak equivalence. Equivalently, H is & Cech groupoid 
if and only if there is at most one morphism between any two objects of H. 

Example 5. The Cech groupoid C(p) for a function p : X — > Y has the objects 
Ob(G(p)) = X, and there is a morphism x — > y in G(p) if and only if p(x) = 
in Y. There is a canonical bijection ttqC(p) = ?>(X). 

This construction is natural, and therefore applies to morphisms p : X — > 1" 
of presheaves on a site. If p is an epimorphism of sheaves, the simplicial presheaf 
map BC(p) — > y is the Cech resolution of Y corresponding to the epimorphism 
p, and is a local weak equivalence. This construction specializes to the standard 
Cech resolution when applied to an epimorphism p : U a — > Y arising from a 
covering. 

Lemma 6. Suppose that H is a presheaf of 2- groupoids, and let rj : H — > ttH 
be the canonical map to the presheaf of path component groupoids. Then rj is 
a local weak equivalence if and only if all presheaves of groupoids H(x, y) are 
Cech objects. 

Proof. If the map 77 : H — * ttH is a local weak equivalence, then the map 

Mor(H) -> 7T Mor(ff) 

is a local weak equivalence over Ob(-ff) x Ob(_ff), by Lemma Q] The object 
Ob(H) x Ob(H) is a constant simplicial presheaf, so pullback along any map 
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Z — > Ob(iJ) x Ob(i?) preserves local weak equivalences over Ob(H) x Ob(i7) 
7 . In particular, for all choices x,y G Ob(U)(U), the induced map H(x,y) — > 
ir H(x, y) is a local weak equivalence of presheaves of groupoids over C/Z7. 
In general, one can show that a map 



2 > W 




A 



of simplicial presheaves fibred over a presheaf A is a local weak equivalence if 
and only if it induces weak equivalences Z x — > Wx of simplicial presheaves on 
C/C7 for all x G A(C/),[7 G C. One implication involved in this statement we 
already know about, from [xj. For the other, if we know that all induced maps 
on fibres are local weak equivalences, we can replace / by a sectionwise Kan 
fibration, and check local lifting with respect to all inclusions d A™ C A", which 
must take place in individual fibres. 

Thus, if all morphism groupoids H(x,y) are Cech objects, then the map 
Mor(iJ) — > tt Mor(if) is a local weak equivalence of simplicial presheaves over 
the presheaf Ob(H) x Ob(H). It follows that all maps 

Mor(ff) x M Mor(ff) x M • ■ • x M Mor(iT) 

-> 7T Mor(Jf) x M 7r Mor(#) x tj »-- - X M 7r Mor(ff) 

of iterated fibre products over Ob(iJ) are local weak equivalences. These are 
the comparison maps of vertical simplicial presheaves making up the comparison 
BH — > BttH of bisimplicial presheaves, and one concludes that this map is a 
local weak equivalence. □ 

Lemma 7. A presheaf of groupoids H is a Cech object if and only if for every 
two morphisms f,g : x — >■ y in H(U) there is a covering sieve R C hom( , U) 
such that <f>* f = <jfg for all <j> : V — » U in R. 

Proof. Suppose that H — * H is the canonical map taking values in the associated 
sheaf of groupoids H. Then H is a Cech object if and only if all sheaves H(x, x) 
of automorphisms of H are trivial in the sense that the canonical sheaf map 
H(x, x) — > * are isomorphisms. This is equivalent to the assertion that all 
presheaf maps H(x,x) — > * are local monomorphisms. 

Thus, suppose that H is a Cech object, and suppose given f,g : x — » y 
in H(U) the composite g^ 1 f G H(x,x)(U), and there is a covering sieve R C 
hom( , [/) such that (f)*{g~ 1 f) = lcj>* x for all <j> '■ V — ► [/ in -R. But then 

r(g)=4>*(f) for aU^Gi?. 

The converse is clear: the local coincidence of all /, g : a; — * y means that 
all presheaf maps H(x, y) — > * are local monomorphisms, and so all sheaf maps 
if (a;, x) — > * are isomorphisms. □ 
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Lemma 8. Suppose that A is a presheaf of 2-groupoids, and that ttqA is its 
presheaf of path components. Then the canonical map A —> ttqA is a local 
weak equivalence if and only if all presheaves of groupoids A(x,y) and the path 
component groupoid it A are Cech objects. 

Proof. Suppose that A — > ttqA is a local weak equivalence. Then all sheaves 
of homotopy groups for BA are trivial, and so Lemma ^ implies that all maps 
A(x, !/)—►* are local weak equivalences. In particular, all A(x, y) are Cech 
objects. But then r\ : A — > it A is a local weak equivalence by Lemma |H| and so 
the induced map ttA — > ttq(ttA) is a weak equivalence, so that the presheaf of 
groupoids irA is a Cech object. 

Suppose conversely that all A(x, y) and ttA are Cech objects. Then Lemma 
implies that A — > irA is a local weak equivalence, and then the map 

ttA — > tto(ttA) = ttqA 

is a local weak equivalence. It follows that the map A — » tt q A is a composite of 
two local weak equivalences. □ 

2 The Grothendieck construction 

Let cat denote the 2-category whose 0-cells are the small categories, whose 
1-cells are the functors between small categories, and whose 2-cells are the ho- 
motopies of functors. 

Suppose given a 2-category morphism F : A — > cat, such that A is a small 
category enriched in groupoids. This morphism has an associated "Grothendieck 
construction" , which is a category EaF that is constructed as follows. 

Consider the collection of pairs (x, i) where i is an object or 0-cell of A and 
x G F(i). Look at all pairs 

(/,a) : (x,i) -> (y, j) 

where a : i — ► j is a 1-cell of A and / : a*(x) — > y is a morphism of Say 
that two such pairs 

(/,«), (/',"') : (aJji) -»• (y.i) 
are equivalent if there is a 2-cell ft : a — > a' in A such that the diagram 

Qt*(x) 
F(h) 

<{x) 

commutes, where F(h) is the homotopy associated to the 2-cell h by F. This 
is an equivalence relation, since the homotopies h are isomorphisms in the 
groupoids A(x,y). Write [(/, a)] for the equivalence class containing the pair 
(/,«). 




10 



Suppose given strings 



(x,i) (y,j) -^^> (z,k) 

and 

(/ :a } > (y,j) <3 ,;3 ) > (z,fc) 

and suppose that (/, a) ~ (/', a / ) and (<?, /3) ^ (ff',/3') via the displayed homo- 
topies. Then there is a commutative diagram 



/?*a*(a;) ^ / > &(y) 



F(/> 2 ) 





The composite homotopy /3! t (F(hi))(F(h2)o£») is the image of the composite 
2-cell /12 * /ii under the morphism F. It follows that the assignment 

{(g,p)]-[(f,a)] = [(gM),Pa)} 

gives a well defined law of composition. This composition law is associative, 
and has 2-sided identities. Write EaF for the corresponding category. 

Remark 9. This category EaF should seem familiar. Suppose that I is a small 
category, and let x,y be objects of /. There is a small category I s (x,y) whose 
objects are the functors 9 : n —> I (strings of length n) such that 0(0) = x and 
0(n) = y. A morphism 6 — > 7 of I s (x,y) is a commutative diagram of functors 




such that the ordinal number map a is end-point preserving in the sense that 
a(0) = and a(n) = m. Concatenation of strings defines a composition law 
I a (x, y)xl s (y, z) — > is(a;, z), and so there is a 2-category J s with the same objects 
as I and a canonical weak equivalence I s —> I (see also IX.3.2]). Write GI S 
for the category enriched in groupoids, having the same 0-cells as /, and such 
that the groupoid GI s (x,y) is the free groupoid on the category I s (x,y). The 
groupoid GI s {x,y) is a Cech groupoid with path components given by the set 
I(x, y) of morphisms from x to y in /. 

A pseudo-functor F defined on / and taking values in small categories can 
be identified with a 2-category morphism F : GI S — > cat 3 , IX. 3. 3], and one can 
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show that the Grothendieck construction EpGI s as defined above is isomorphic 
to the standard Grothendieck construction for the pseudo-functor F. 

The Grothendieck construction EaF given here for 2-catgory morphisms 
defined on categories A enriched in groupoids generalizes the usual construction 
for pseudo-functors, but there appears to be no corresponding construction for 
lax functors. 

We shall henceforth specialize to 2-category morphisms F : A — > cat which 
are defined on small 2-groupoids A. In this case, there is a canonical functor 
p : EaF — > irA, which is defined by the assignment (x, i) i— > i. 

Lemma 10. Suppose that F : A — > cat is a 2-category morphism, where A is 
a 2-groupoid. Suppose that [(/,«)] : (x,i) — > (y,j) is a morphism of EaF such 
that f : a*(x) — ► y is an invertible morphism of F(j). Then [(/, a)] is invertible 
in EpA. 

Proof. The inverse of [(/, a)] is represented by a -1 )]. □ 

Corollary 11. If the 2-category morphism F : A — > cat takes values in 
groupoids, then EaF is a groupoid. 

A diagram 

B <^ A ^ cat 

such that a : A — > B is a weak equivalence of 2-groupoids is a 2-cocycle taking 
values in small categories. A morphism of 2-cocycles is a commutative diagram 
of functors 



cat 



and the corresponding 2-cocycle category is denoted by H(B, cat). There are 
analogous definitions for 2-cocycles and 2-cocycle categories taking values in of 
groups and small groupoids. These 2-cocycle categories are typically not small. 

In particular, write grp for the 2-groupoid whose objects are the groups, 
whose 1-cells are the isomorphisms of groups G — > H , and whose 2-cells are the 
homotopics of isomorphisms, and suppose now that there is a 2-cocycle 

a * a K 
it A <— A — ► grp 

taking values in groups. Then the associated Grothendieck construction EaK 
can be identified with a category having as objects all i G Ob(A) and with 
morphisms consisting of equivalence classes of pairs (/, a) : i — > j, where a : 
i — > j is a 1-cell of A and / e K(j). In this case, there is a relation (/, a) ~ (g, (3) 
if the diagram 
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commutes in the group K(j), where conjugation by /i» defines the image of the 
unique 2-cell a — ► (3. 

The category EaK is a groupoid by Lemma ITU1 

Example 12. Suppose that G is a groupoid. The resolution 2-groupoid R(G) 
has the same objects and 1-cells as G, and has a unique 2-cell / — > g between 
any two morphisms /, g : x — > y of G. The path component groupoid nR(G) of 
i?(G) is a Cech groupoid, and the natural maps 

BR(G) -> BirR(G) -> 7r S(vri?(G)) 

weak equivalences. There are natural bijections 

7T G = r: a BG ir Q B(irR{G)). 

There is a canonical morphism F(G) : R(G) — > grp which takes the object 
a; G G(£7) to the group G x — G(x,x) on C/U, takes a 1-cell / : x — > y to the 
isomorphism G x — > G 9 which is defined by conjugation by /, and takes the 2- 
ccll / — ► g to the homotopy defined by conjugation by the element _1 G G y . 
It follows that G determines a canonical 2-cocycle 

ttqG ^ i?(G) grp. 

Lemma 13. There is a natural isomorphism of groupoids tp : Er(g)F(G) ^* G 
which is defined fibrewise over %R(G) in the sense that there is a commutative 
diagram 

E R{G)F{G) 




ttR(G) 

Proof. The functor ip is the identity on objects. It is defined on morphisms by 
sending the pair (/, a) to the composite / ■ a in G. If (/, a) ~ (g, (3) and a — > (3 
is the unique 2-cell in i?(G), then the diagram 




commutes in G, so that f ■ a = g ■ (3 and the assignment [(/, a)] i— ► / ■ a is well 
defined. The assignment is functorial, because the diagram 
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commutes in G. 

The functor ip plainly induces surjective functions 

ip : hom EmG)F(G) (i,j) -> hom G (i, j) 

Finally, if the diagram 




commutes in the groupoid G then g ■ ((3a x ) = /, so that (/, a) ~ (g, (3), and tp 
is injective on morphisms. □ 

3 Cocycle classification of gerbes 

A gerbe G is a locally connected presheaf of groupoids. A morphism of gerbes 
is a local weak equivalence G — * H of presheaves of groupoids. We shall write 
Gerbe(C) for the category of gerbes and morphisms of gerbes. 

Remark 14. If G is a gerbe and a; is a global section of Ob(G), then the 
inclusion map G x — > G is a local weak equivalence. It follows that every gerbe 
H is locally equivalent to a presheaf of groups, in the sense that there is a 
covering U — > * by objects U S C and section x\j G Ob(if)(?7) such that the 
morphisms H Xu — > H\u are local weak equivalences over C/U for all [/ in the 
covering. 

Remark 15. Suppose that E is a presheaf, and identify E with a presheaf of 
discrete groupoids. An E -gerbe is a morphism G E of presheaves of groupoids 
such that the associated presheaf map ttoG — » E induces an isomorphism ttqG = 
i? of associated sheaves. A morphism of i?-gerbes is a commutative diagram 




E 



such that the morphism / : G — > H is a local weak equivalence of presheaves 
of groupoids. Write Gerbe^;(C) for the corresponding category. Categories of 
-E-gerbes do appear in applications — see p. 22]. 
There is an equivalence of categories 

Gerbe £ (C) ~ Gerbe(C/£) 

between the category of -E-gerbes on C and the category of gerbes for the fibred 
site C/E. Equivalences of this sort are discussed at length in [H]. Classifica- 
tion results for E-gerbes can therefore be deduced from classification results for 
gerbes on the site C/E. 
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We shall write Grp(C) for the following monster: it is a contravariant di- 
agram defined on C and taking values in 2-groupoids, such that the 0-cells of 
Grp(C)(f7) are the sheaves of groups on C/U, the 1-cells are the isomorphisms 
of sheaves of groups on C/U, and the 2-cells are the (global) homotopies of sheaf 
isomorphisms. Grp(C) is not a presheaf of groupoids, because it does not take 
values in small groupoids. 

If G is a gerbe, then the corresponding resolution 2-groupoid R(G) (Example 
I12|) is weakly equivalent to a point in the sense that the map R(G) — > * is a local 
weak equivalence of presheaves of 2-groupoids. There is a canonical morphism 
F(G) : R(G) -> Grp(C) for which the 0-cell x G R(G){U) is mapped to the 
sheaf of groups G x , the 1-cell a : x — > y is mapped to the sheaf isomorphism 
c Q : G x — » G v on C/U which is defined by conjugation by the global section a, 
and each 2-cell h : a — > /3 of 1-cells x — ► y maps to conjugation by the image of 
h £ G y {U) in global sections of G y . In this way, each gerbe G has a canonically 
associated 2-cocycle 

* R(G) Grp(C). 

Write H(*,Grp(C)) for the category of 2-cocycles taking values in the 2- 
groupoid object Grp(C). 

The assignment of the cocycle F(G) : R(G) — > Grp(C) to the gerbe G is not 
functorial. It is true, however, that a map G H of gerbes induces a 2-groupoid 
morphisms /* : R(G) — > R(H). The sheaf isomorphisms f x '■ G x Hf/ X \ 
induced by the local weak equivalence / determine a homotopy 

i?(G) xl-t Grp(C) 

from F{G) to F(i?) • /*. It follows that F{G) and F(H) represent the same ele- 
ment of itqH(*, Grp(C)), and so the assignment G h-> [F(G)} induces a function 

$ : 7T Gerbe(C) -> 7r 0j ff(*, Grp(C)). 

Suppose that 

* ^ A i Grp(C) 

is a 2-cocycle with coefficients in Grp(C). Then if consists of 2-groupoid mor- 
phisms K(U) : A(U) — > Grp(C)(C/), and hence induces composite morphisms 

A(f7) Grp(C)(t/) ^ grp. 

Here, evy : Grp(C)(J7) — > grp is the 2-groupoid morphism which is defined by 
{/-sections. 

Write EaK(U) for the Grothendieck construction corresponding to the com- 
posite evuK(U). Then the assignment U i— > EaK(U) defines a presheaf of 
groupoids EaK. From Section 2, we see that there is a canonical morphism 
p : EaK — > 7rA of presheaves of groupoids; it is defined in sections to be the 
identity on objects, and it sends a class [(/, a)] to the class [a]. 
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Lemma 16. Suppose that K : A — > Grp(C) is a 2-cocycle over the terminal 
object * taking values in sheaves of groups. Then the presheaf of groupoids EaK 
is a gerbe. 

Proof. The map ttqEaK — > ttqIttA) is an isomorphism of presheaves, since each 
2-functor K(U) takes values in groups. □ 

Take i G A(U) and let K(i) be the corresponding sheaf of groups on C/U . 
The functor <f> : K(i) — > p/i of presheaves of groupoids on C/U is defined in 
sections corresponding to an object ip : V — > U of C/U hy sending the group 
element / e K(i){V) = K(ip*(i))(V) to the class [(/, 1;)]. 

Lemma 17. Suppose that K : A — > Grp(C) is a 2-cocycle over * taking values 
in sheaves of groups, and choose i G A(U). Then the homomorphism 7,; : 
K(i) — > hom(i, i) C EaK defined by f 1— > [(/, lj)] induces an isomorphism of 
sheaves of groups on C/U. 

Proof. Suppose that [(5, a)] is an element of hom(i,i). By Lemma there is a 
covering sieve R G hom( , U) such that there is a 2-cell h$ : 4>*{a) l a *U) f° r 
all (f> £ R. It follows that, locally, [(<?, a)] is in the image of 7^. 

Take group elements /, g G K(i)(U) and suppose that 7»(/) = 7i(<?)- Then 
there is a 2-cell ft : lj — > lj in A(U) such that the diagram 




commutes in K(i)(U). The presheaf of groupoids A(i,i) is a Cech object by 
Lemma |H1 so that there is a covering <f> : V — > U such that <fi*(h) = 1 for all 
members <fi of the cover. But then <f>*(h*) = 1 for all (f>, and so ft* = 1 since 
K{i) is a sheaf of groups. □ 

Corollary 18. Suppose that K : A —> Grp(C) is a 2-cocycle over * taking 
values in sheaves of groups, and choose i G A(U). Then the corresponding map 
ji : K(i) —> n/i is a local equivalence of presheaves of groupoids on C/U. 

Proof. The map ji : K(i) —* ir/i takes the group element / to the automorphism 
[(/, lj)] of the object [lj] : n(i) — * i. The induced map K{i) — > hom([lj], [lj]) is 
a surjection of presheaves of groups. The composite 

K(i) -> hom([lj], [lj]) -> hom(i,i) 

is locally monic by Lemma IT7I 

The map 74 : — > 7r/i is a sectionwise surjection on path components. □ 
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Corollary 19. Suppose that the diagram 



A. 



B 



K 



Grp(C) 



is a morphisms of 2-cocycles. Then the induced map 9 : EaK 
weak equivalence of presheaves of groupoids. 

Proof. The diagram 



EbG is a local 



K(i) 



hom(i, i) 



G (*W)^h°m(0(i),0(i)) 

commutes, so that 6 induces an isomorphism on all sheaves of fundamental 
groups by Lemma 1 171 The map 9 induces an isomorphism on sheaves of path 
components by Lemma Hoi □ 



It follows that the assignment K 
Gerbe(C) and hence a function 



EaK defines a functor H(*, Grp(C)) 



* : 7r ff(*,Grp(C)) -> 7r (Gerbe(C)). 

Theorem 20. The functions $ and ^ are inverse to each other, and define a 
bijection 

7r (Gerbe(C)) n H(*, Grp(C)). 

Proof. The relation = 1 is a consequence of Lemma IT51 

Suppose that K : A — > Grp(C) is a 2-cocycle over *. There is a 2-groupoid 
morphism uo : A — -> R(EaK) which is the identity on objects, sends the Tcell 
a : i — > j to the 1-cell [(e, a)], and sends the 2-cell h : a — * f3 to the 2-cell 

p„l)]:[(e,a)]->[(e,/3)]. 

The presheaf of groupoids ttR(EaK) has the same objects as A; it is a Cech 
object (by Lemma [SJ, in which there is a morphism i — > j in R(EaK) if and 
only if there is a 1-cell i — v j in A. It follows that the morphism to induces 
an isomorphism on presheaves of path components. It also follows that the 
composite 

A HU R(E A K) F[EaK) ; Grp(C) 

defines a group- valued 2-cocycle on ttqA. This composite sends the object i e A 
to the presheaf of groups EaK(i,i), sends a 1-cell a : i — ► j to the homomor- 
phism c Q : EaK{i, i) — > EAK(j,j) which is defined by conjugation with [(e, a)], 
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and sends a 2-cell h : a — > (3 to the homotopy denned by conjugation with the 
element [(h*, 1)]. 

The assignments / i— > [(/, 1)] define homomorphisms 

7 < :A-(i)-»£ A A'(i > *). 

which induce isomorphisms of associated sheaves, by Lemma lTTI The morphisms 
7i further determine a homotopy 

7 : A x 1 ->■ Grp(C). 

from the cocycle if to the cocycle F(EaK)uj. It follows that there is a path 

F(E A K) ~ F(E a K)lu ~ 7 - X 

in the cocycle category, and so = 1 as required. □ 

4 Homotopy classification of gerbes 

Suppose that G is a presheaf of groupoids on C, with automorphism sheaves 
G x , x £ G(U). The presheaf of 2-groupoids G* has the same objects as G; 
the 1-cells x — > y of G*(/7) are the sheaf isomorphisms G x — > G y , and the 
2-cells of G*(f7) are the homotopies of isomorphisms. There is a 2-functor 
t^G : G* — > Grp(C) which is defined by sending x to G x , and is the identity on 
sheaf isomorphisms and homotopies. The canonical 2-cocycle F(G) : R(G) — > 
Grp(C) factors uniquely through a cocycle F(G)* : i?(G) — > G* in the category 
of presheaves of 2-groupoids. 

Suppose that C Grp(C) is a subobject of Grp(C) such that 

1) the imbedding is full: all simplicial presheaf maps 

!F{H, K) -> Grp(C)(iJ, J ftT) 

are isomorphisms, 

2) J 7 is a presheaf of groupoids, so that all classes Oh(T)(U) are sets, 

We shall say that a subobject T of the diagram of 2-groupoids Grp(C) which 
satisfies these conditions is a full subpresheaf of Grp(C). 

The image of the presheaf of 2-groupoids G* in Grp(C) which arises from a 
presheaf of groupoids G is an example of such an object T . 

Lemma 21. Suppose that J- C T' are full subpresheaves o/Grp(C). Suppose 
further that every automorphism group T' x of T' is locally isomorphic to auto- 
morphism groups of T . Then the inclusion T C T' is a local weak equivalence 
of presheaves of 2-groupoids. 
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Proof. Write a : T C T' for the inclusion morphism. Then a is full, and 
therefore induces a presheaf monomorphism hqC* — ► ■kqT. Every sheaf of groups 
T' x G T'(U) is locally isomorphic to objects in the image of a, by definition, so 
that ttoJ 7 — > hqT' is a local epimorphism. 

The assertion that a induces an isomorphism in all possible sheaves of higher 
homotopy groups is a consequence of the fullness and Lemma 2] □ 

Say that two gerbes G and H are locally equivalent if there is a covering family 
U — ► *, U G Ob(C), such that the restricted gerbes G\u and H\u are locally 
weakly equivalent on C/U for each object U in the covering of the terminal 
object *. If there is a local weak equivalence G — > i? then G and if are locally 
equivalent in the sense just described, but the converse is not true. 

Example 22. Suppose that the presheaf of 2-groupoids T is a full subpresheaf 
of Grp(C), and that there is a 2-cocycle 

* A A T C Grp(C) 

over the terminal sheaf *. 

There is a covering family U — > *, U G C, such that A({7) ^ 0. In effect, 
Ob(A) — > * is a local epimorphism, so there is a covering U — * * such that there 
are liftings 

Ob(A) 



U *- * 

where xjj represents an object of A(U). The presheaf of groupoids EaF is 
locally connected by Lemma Il6l and the maps 

F(xu) — * hom EAF (xu,xu) 

induce isomorphisms of associated sheaves of groups on C/U by Lemma IT7I It 
follows that the automorphism groups of the Grothcndicck construction EaF 
are locally equivalent to objects of T. 

Write T — Gerbe for the full subcategory of the category of gerbes whose 
automorphism groups are locally equivalent to sheaves of groups in T . The 
assignment F i— > EaF for a cocycle F : A — > T takes values in .F-gerbes, so 
that there is a commutative diagram 

ir H(*, T) > tt H(*, Grp(C)) 



itq(J- — Gerbe) *■ tto (Gerbe) 

Note that if / : G — > H is a local weak equivalence of gerbes, then G is an 
F-gerbe if and only if H is an JF-gerbe, and it follows that the induced map 

tto(J~ — Gerbe) — > ttq (Gerbe) 
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is an injection. 



Theorem 23. Suppose that J- is a full subpresheaf of the Grp(C). Then the 
Grothendieck construction defines a function 

7r -ff (*, T) — * ~kq{!F — Gerbe) 

which is a bijection. 

Proof. Suppose given cocycles F : A — ► T and G : B — > such that F and 
G are in the same path component as cocycles taking values in Grp(C). Then 
there is a string of maps of cocycles 

F = F <-> Ft <-> • ■ ■ <-> F„ = G (2) 

where : ^ — > Grp(C) are cocycles in Grp(C). 

Suppose that F : A — > Grp(C) is a cocycle taking values in sheaves of groups 
locally isomorphic to objects of T and that 



.4 




A' 



Grp(C) 

is a morphism of if (*, Grp(C)). Take x £ A'(C7). Then there is a covering 
family <p : V — > U with 1-cells ^*(x) — > in for all </>. It follows that 

the group F'(x) is locally isomorphic to groups of the form F(yy), and all of 
these are locally isomorphic to objects of T. Thus, the cocycle F 1 takes values 
in sheaves of groups locally isomorphic to objects of T 

It follows that all cocycles Fi in the list J5J take values in groups locally 
isomorphic to objects of T. Write T 1 for the presheaf of 2-groupoids which is 
the full subobject of Grp(C) on the sheaves of groups appearing in the sets 
T{U) and all F l {Oh(A i )){U). Then T C P ', and Lemma 1211 implies that this 
map of presheaves of 2-groupoids is a weak equivalence. The string of cocycles 
Fi in @ all take values in T' by construction, and the map 

is a bijection. It follows that the original cocycles F and G are in the same path 
component of H(*,!F). The function 

n H(*,F) ^7ro#(*,Grp(C)) 

is therefore a monomorphism, as is the function 

n H(*, T) — > n {J- — Gerbe). 

Suppose that the every automorphism presheaf of the gerbe H is locally 
equivalent to an object of J- . Then all automorphism sheaves of H are locally 



20 



isomorphic to automorphism sheaves of G. Choose a full subpresheaf T' C 
Grp(C) whose 0-cells are sheaves of groups locally equivalent to objects of T 
and which contains both T and H„. Then the canonical cocycle 

F{H) : R{H) -> Grp(C) 

takes values in T' . The map T — > T' is a local weak equivalence, and so F(H) 
can be represented by a cocycle taking values in T. It follows that the function 
ttqH(*,J-) — > — Gerbe) is surjective. □ 

Corollary 24. Suppose that J- is a full subpresheaf of 2-groupoids in Grp(C). 
Then there is a bisection 

[*, dBT] ^ir Q (F- Gerbe). 

Suppose that G is a gerbe, and write G — Gerbe for the category of gerbes 
which are locally equivalent to G. This category coincides with the category 
G* — Gerbe arising from the full subpresheaf of 2-groupoids G*, and so we have 
the following: 

Corollary 25. Suppose that G is a gerbe on a site C with associated 2-groupoid 
object G* of isomorphisms and homotopies of automorphism sheaves ofG. Then 
there is a bijection 

[*,dBG»] = tt (G - Gerbe). 

A special case of CorollaryEEl corresponding to the case of a sheaf of groups 
G, was proved by Breen in . 

Remark 26. Recall that gerbes on C can be identified with gerbes on the 
fibred site C/E up to natural equivalence. Given an gerbe G, write Ge for the 
corresponding gerbe on C/E. Then Corollary |2U gives a homotopy classification 

[*, dBG E *] = MGe - Gerbe). 

for gerbes, up to local equivalence defined on the site C/E. 

Suppose that J- 1 is a full subpresheaf of Grp(C), and write Gerbe(J c "') for 
the full subcategory of gerbes G such that G* C T' — say that the objects 
of Gerbe(JT') are the gerbes in T' . The category T — Gerbe of gerbes with 
automorphism sheaves locally isomorphic to objects of J 7 is a filtered colimit 
of subcategories Gerbe(jF'), indexed over all inclusions T C T' of full sub- 
presheaves of Grp(C) such that every object of T' is locally isomorphic to 
objects of J- . It follows that there is an isomorphism 

7To(jF — Gerbe) = lim 7ro(Gerbe(jF')). 

Write St (J 7 ) and St(7rJ r ) for the stack completions (really, fibrant models) 
for the presheaf of 2-groupoids T and its path component object ~kT . The path 
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component object is a groupoid of outer automorphisms and its stack completion 
St(7r^ 7 ) is the stack of bands (liens) for T . These stack completion constructions 
are functorial, since the underlying model structures are cofibrantly generated 

El 

A (global) band L is a global section of the presheaf of groupoids St(7rJ r ), or 
equivalently 8 a torsor for the presheaf of outer automorphism groupoids irF. 
Write pjr for the composite 

T -> TXT -> St(TT^). 

The homotopy fibre over a global band L of the induced map BT — > B St(ir!F) 
is the classifying object B(pj^/L) of the simplicial groupoid pr/L 0. 

The objects of 2-cocycle category H(*, B(pjr/L)) can be identified with the 
collection of pairs (v, <fi) consisting of a 2-cocycle 

A^T 

and a natural (iso)morphism v : (f>* — > L in St(7rJ r ), where 0* : tt(A) — » St(itJ-) 
is the unique induced morphism in the diagram 



A ■ 



■ T 



Tt(A) — p~ St(7Tj C -) 

and L has been identified with the composite 

ir(A) * St(Tr^). 
The morphisms / : (<j), i/) — > ((f>' , z/) are cocycle morphisms 



.4' 



' T 



such that i/' • /* = v : 0* — > Z. 

Suppose that G is a gerbe in JF. Consider the diagram 



(3) 



G ■ 



i?(G)^W- 



7Ti?(G) 



F(G), 



St(T) 



(4) 



and write uj g = nF(G)* : vri?(G) -> St(7r.F). 
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An L-gerbe (G, vq) in T is a gerbe G in T together with a natural isomor- 
phism vq : luq — > L, where L has been identified with the composite 

G -> * St(vr^). 

Observe that there is a canonical natural isomorphism 

fc/, : F(G)» ^ F(H)J* 

for any morphism / : G — > of gerbes. A morphism / : (G, i/q) — > (if, i^jf) of 
L-gerbes is a morphism / : G — > 77 of gerbes such that the diagram of natural 
isomorphisms 

W G i- UJHJ* (5) 



L 



commutes. The natural isomomorphisms hf* arising from gerbe morphisms / 
are coherent; this gives the law of composition for a category of L-gerbes in J 7 , 
which will be denoted by Gerbe(.F)/L. 

Every L-gerbe (G, vq) in T determines an object (F(G), vq) in the cocycle 
category H(*, B(jpr/L)). 

Suppose that / : (G, vq) — > (H, vu) is a morphism of L-gerbes in T . Then 
the homotopy of cocycles hf : R(G) x JL — > T from F(G) to F(H)f* determines 
a diagram of path component groupoid morphisms 



itR(G) 




St(TrJT) 



The natural isomorphism vq : rjF(G)* —> L extends uniquely to a natural 
isomorphism Vh '■ r)hf* — > L, and Vh restricts to vhJ* ■ i]F(H)^ — > L on 
ttR(G) x {1} on account of the commutativity of the diagram J5J. 

It follows that every morphism / : (G, vg) — > (7?, f/f ) of L-gerbes determines 
a path between the associated objects {F{G),Vg), (F(H),vh) in the cocycle 
category, and that there is a function 

^ : 7r (Gerbe(^)/L) - n H(*,B(p r /L)) 

which is defined by $([(G,u G )]) = [(F(G),v G )}. 
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Suppose that the 2-cocycle 



■ T 



ir(A) — p~ St{nT) 

and the natural isomorphism v : (f>* — > L in St(irJ-) define an object (v, (j)) of 
the cocycle category H(*, B(pj?/L)). Then the associated presheaf of groupoids 
Ea4> is a gerbe which has automorphism sheaves locally isomorphic to objects 
of T ', and then from the proof of Theorem l20l we know that there is a homotopy 




A -^r^ R(E A <f>) 

where T' is a full subpresheaf of Grp(C) containing T such that the map T C T 1 
is a local weak equivalence. We also know that the induced map : it A — > 
TrR(E A (f>) is an isomorphism. It follows that the induced natural isomorphism 
(or homotopy) 

7* : 4>* ^ F(E A <j)) lf uj r 
of functors ttA — > St(J-') induces a unique natural isomorphism 

VF(E A <P)* ^ L 

which restricts to the isomorphism v : <p* — > L along the homotopy 
ir(A) x 1 1±> ttT' -> St(7r^')- 

In other words, {E A (f>, v) is an L-gerbe in T' . 

Suppose that / : (cp, v) — > (</>', j/) is a morphism of the 2-cocycle category 
H{*,B(j>r/L)). Then there is a full subpresheaf T" C Grp(C) containing f, 
such that c T" is a weak equivalence and such that the associated gerbes 
E A (j> and E A i(f>' are gerbes in T" . There is a diagram of homotopies 



MQ — (/(*)) 

T/(i) 

f»Aut(i)— 7»-T7Aut(/(*)) 
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where Aut(i) is the sheaf of automorphisms of i in Ea4> an d Aut(/(i)) is the 
sheaf of automorphisms of f(i) in Ea>4>' ■ Then the morphisms vi : <j)(i) — » L 
and : (f>'(f(i)) — > L coincide on = <f)'(f(i)) since / is a morphism of 
the cocycle category H(*, B{pjr / L)). Furthermore, the vertical isomorphisms 
uniquely determine the natural isomorphisms v : ryAut(i) — > L and : 
»jAut(/(i)) — > L, respectively. It follows that the map /* : Ea4> — ► Ea>4>' defines 
a morphism of L-gerbes in T" . We therefore have a well defined function 

: TT H(*,B{ Pj r/L)) -> lim 7r (Gerbe(^')/i)- 
Theorem 27. Suppose that L is a band. Then the function 



is a bijection. 

Proof. Suppose that T C T 1 ' is a weak equivalence of full subpresheaves of 
Grp(C). Then the diagram 

^ (Gerbe(^)/L) tt H(*, B(p r /L)) 



7r (Gerbe(.F')/L) (*, B(p F ,/L)) 

commutes, where the indicated vertical map is a bijection since the comparison 
map B(pjr/L)) — > B(pjr,/L) is a local weak equivalence. It follows that the 
maps together induce a function 

$: lim 7r (Gerbe(.F')/£) n H(*,B{pjr/L)). 

The function $ is the inverse of \&. □ 
Corollary 28. Suppose that L is a band. Then there are bijections 
[*,B(pr/L)}^Tr H(*,B(pr/L))^ lim 7r (Gerbe(.F')/£). 
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